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We describe a minimal coupling of fermions and Yang Mills fields to the loop quantum gravity 
dynamics. The coupling takes a very simple form. 



o 

O 

Q 



I . 



> 

o 



X 



I. INTRODUCTION 



A serious shortcoming of spinfoam loop gravity is the 
absence of matter. See for instance [l|, and full refer- 
ences therein. Here we study a minimal coupling of the 
theory w\t\v a chiral fermion field and a Yang-Mills field. 

We find that the dynamical coupling of a fermion to 
quantum gravity is surprisingly simple in the spinfoam 
formalism. This result resonate with similar ones in early 
canonical loop theory 0]: the naive fermion hamil- 
tonian was found to be just the extension of the sim- 
ple "shift" form Q of the gravitational hamiltonian, to 
the open ends of the gravitational Faraday lines, which 
represent fermions. Here we find that in the spinfoams 
context the fermion dynamics is a natural extension of 
the gravitational amplitude to spin- networks with spin-^ 
open-ends at the nodes. 

In the presence of fermions, it is then easy to add Yang- 
Mills fields by promoting a global symmetry to a local 
symmetry. The dynamics can then be generated a la 
Zeld'hovic [1, from fermion loops. 

For earlier studies on how to couple fermions to a dis- 
cretized gravitational field, see ,8- J IJ . For detailed stud- 
ies of fermions in the loop quantum gravity canonical for- 
malism, see (l^ - [T5| . On fermions in 3d, spinfoams and 
quantum cosmol ogy and the effect of fermions on Hoist 
gravity, see also [l6l - [2(j |. 



II. FERMIONS ON A 2-COMPLEX 

We start in 4d euclidean space for simplicity, and will 
rotate to the lorentzian theory later on. The Dirac action 
reads 



i d X tpj^ • 



(1) 



plus complex conjugate, always understood here and in 
what follows. Here we are interested in a chiral spinor 
i/j G (D^ with two complex components ifi°',a = 0,1. Its 



action is the projection oi Sd on one of its two helicity 
components. This reads 



(2) 



where — ( 1 , c?) , a are the Pauli matrices and V' denotes 
the hermitian conjugate of V-"- 

Fix a coordinate system x — (x^) and discretize space- 
time by chopping it into the union of 4-cells v. Consider 
the dual complex, with vertices v (with coordinates x^) 
connected by (oriented) edges e. Call \v\ the number of 
edges bounded by v. Approximate the field ipi^) by its 
values -01) = at each vertex. Discretize the deriva- 

tive on each edge as 



(3) 



where Se and te are the source and the target of the edge 
e. This gives 



uldiij} ' 



(4) 



where L — 



is the length of the edge e and 



Wg = (x^ — xl )/le is the unit vector parallell to e. The 
action ^ can then be discretized as a sum over 4-cells: 



Z^V^eUeC^I j : 



\V\ 



(5) 



where the sum is over the edges bounded by V„ is 
the volume of the 4-cell v, and the factor A is included 
to take into account the fact that multiple edges over- 
count the derivative. The second term above cancels in 
subtracting the complex conjugate. Now consider the 3- 
cell Te dual to the edge e. Assume this is orthogonal to 
the edge (as in a Voronoi cellular complex). Each 4-cell 
V can be partitioned into the union of |w| pyramids with 
base Te and hight ft-e = The 4- volume of these is 

jhe'Ve where Vg is the 3-volume of t^. Using this. 



* Unite mixte de recherche du CNRS et des Universites de Provence, 
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-5*1, ^ 2 X! '^^e^eO-elpv+e, 



(6) 
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where 



CTe = Cr^Uel 



(7) 



is the CT-matrix "in the direction of the edge e" . This can 
be written as 



eijKL e-^Ae^Ae^, 



(8) 



where = dx^ is the tetrad one-form. Notice now that 
each term of the sum depends only on edge quantities. 
This suggest to consider writing the full discretized action 
as a sum of edge terms 



(9) 



More in general, say that the collection of edges e, to- 
gether with the data (ve,Ue/) approximate a flat metric 
at a scale a if [21j] 



LO^Uel 



(10) 



for any quadruplet of one-forms cj^ = Loj^^dx^ that varies 
slowly at the scale a. Then ([91) is a discretization of 
the Weyl action if the two-complex approximates a flat 
metric. Equation ([9]) is a very simple expression that 
discretizes the fermion action.^ Its simplicity recalls the 
simplicity of the free particle hamiltonian on a graph [25] . 
It could have also been directly guessed from (|5]) and the 
form 



S = i I ipcrUtp Ae-' Ae^ Ae^ eijKL 



(11) 



of the action 

In view of the coupling with gravity, and in order to 
better understand boundary states, it is convenient to 
move from vertex variables to edge variables. Let Xe 
be the intersection between e and Tg and introduce edge 
variables tpe — "fpi^e)- In the approximation in which we 
are working, where the second derivative of the field can 
be neglected, ■0e ~ ^{i's^ + V'te)- Using this and the fact 
that the sum of quadratic terms averages to zero, we can 
write 



(12) 



where the sum is over all couples of adjacent vertices- 
edges. Then observe that (always in this approxima- 
tion) we can express the vertex fermion as an average 



^ Fermions on a lattice suffer from the fermion-doubling problem 
and the related chiral anomaly. Because of the absence of a 
regular triangulation and the integration on the gravitational 
variables that we introduce below, however, here fermions are 
essentially on a random lattice, where the (obvious) species dou- 
bling problem does not arise. 



over the corresponding boundary edge fermions: 
I^Ee'e^V'e'. This gives 



(13) 



e,e' 



Thus, we consider the discretization of the fermion action 
defined by associating to each 4-cell v with boundary 
fields -06 the action 



(14) 



where we have assumed here for simplicity that all ver- 
tices have the same valence and we have absorbed a con- 
stant in a redefinition of the field. This is an expression 
that can be used to couple the fermion to quantum grav- 
ity. 



III. QUANTUM FERMION FIELD ON A 
2-COMPLEX 

Consider the fermion partition function of a 2-complex 
characterized by the quantities (ve , CTe ) . This will be 
given by the Berezin integral 



/ L»Ve e 



iS 



Choose the integration measure to be 



(15) 



(16) 



which realizes the scalar product at each edge, seen as 
a boundary between two 4-cells, and where we interpret 
the field ipe as an anticommuting variable, in order to 
take Pauli principle into account. The volume Ve in the 
exponent is needed for dimensional reasons and to keep 
into account the fact that in the classical theory 



ii^W) = / d^x^ 0(x)V'(x) 



(17) 



contains the 3- volume factor ^ '22']. The definition of 
Berezin integral is that the only non vanishing integral is 



dil^d^p V^V'V'V''' = ^""(^"^ = {^'"''5'"^ - 6'"^5'"'). (18) 
Expand the vertex action in Taylor series 

e'^" = l+^^eVefTeV'e (19) 

ee' 

+ E ('/'ei '^es 0-62 i^e2 ) ( V'ea ^^£4 ^e^ V'e4 ) + • ■ • 

The series stops because there can be at most 4 fermions 
(two V and two "0) per edge. Each edge integration 
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in (ITSt gives zero unless on the edge there is either no 
fcrmion, or a term V'eV'e, or a term tfj^ipe'4'e''i'e- The vol- 
ume factors in the measure cancel those in the vertex 
action. The result is that P3|) becomes a sum of terms, 
each being the product of traces of the form 

^=En^^ (20) 

{c} c 

where {c} is a collection of oriented cycles c, each formed 
by a closed sequence of oriented edges on the 2-complex: 
c — (ei, Cat), and each trace is 

A, = {-lpTr[ae,...<Je.], (21) 

where |c| is the number of negative signs from (|18p . For 
every edge, there cannot be more than two fermionic lines 
(Pauli principle) and if there are two lines, these are anti- 
symmetrized (by (UHl))- Explicitly, each term reads 

Ae-(-l)'^' Tr[ai,...aiJ u{\...u{l (22) 

and is therefore a Lorentz-invariant contraction of the 
normals to the 3-cells.^ 



IV. FERMIONS IN INTERACTION WITH 
GRAVITY 

Let us now return to the Lorentzian framework, and 
come to our first key technical observation. Assume that 
all edges are time-like.'^ Consider an SL{2, (D) matrix 
ge that rotates the unit vector = (1,0,0,0) into the 
vector (the phase is irrelevant, and can be fixed by 
requiring that is a pure boost) 

ujA-lj^Uei, (24) 

where Ag is the vector representation of SL{2, (D). Recall 
the transformation properties of the cr^ matrices, 

Alja' = g^a'g, (25) 

and observe that 

ufcT/ = 9l<^°9e = glge, (26) 

because a'^ = 1. Therefore we can write the discretized 
action ([9]) in the form 

S ^ i^^ei'sjlde'fpt,- (27) 



^ If we do not include the volume factors in II16I I. then II21I I is 
replaced by 

Ac = (-1)1 = 1 Vei...V,„ Tr[<7ei...<7e„]. (23) 

This alternative will be studied elswhere. 
^ Spacelike edges and timelike 3-cells [23I . will be considered 
elsewhere. 



and the vertex action as 

Sv^i^Ve ip^,glge^e- (28) 

ee' 

What is the geometrical interpretation of these SL{2, (D) 
group elements? 

Consider a single chiral fermion. This can be thought 
as a quantum excitation of a single mode of a fermion 
field, or as a fermionic particle with spin i at one space 
point. ^ The fermion ip transforms in the fundamental 
representation iJ 2 ^ (D^ of SU{2). The vector space (D^ 
is also the carrier space H^^fi) of the fundamental repre- 
sentation of 5L(2, (D), and this determines the Lorentz 
transformation properties of the fermion. But is 
a unitary representation, while i/^S'") jg j^ot; in other 
words, (D^ can be equipped with a scalar product which is 
SU{2) invariant, but this scalar product is not SL{2, (D) 
invariant.^ This becomes particularly transparent if we 
write = tpo'^ij), which shows that the scalar product 

is the time component of a 4- vector tpa^ (f>. The Dirac ac- 
tion exploits this dependence by constructing a Lorentz 
scalar contracting the Lorentz vector = ipa-'dip with 
the covector uj giving the direction of the derivative, 
where di = d{ui). 

At the light of this discussion, the geometrical interpre- 
tation of the matrices g^ is clear. In the discretized the- 
ory, a Lorentz frame is determined at each 3-cell by the 
4-normal to the 3-cell, which is the direction along which 
the derivative is computed. The matrices ge parallel- 
transport the fermion from the fixed reference frame at 
the center of the 4-cell to a frame at the center of a 3-cell, 
namely at the boundary of the 4-cell, where the normal 
to the 3-cell is oriented in the time-direction (1,0,0,0). 
The scalar product that defines the action is taken in 
that frame. The construction is Lorentz invariant, since 
the preferred frame of the scalar product is determined 
by the normals along which the variation of the fermion 
is computed. 

Now, is of particular interest for generalizing the 
discretization to a curved spacetime. In fact, we can dis- 
cretize a curved geometry in terms of fiat 4-cells glued 
along flat 3-cells, as in Regge calculus. Curvature is then 
confined on 2-cells. This implies that the holonomy of the 
spin connection around a 2-cell can deviate from unity. 
Therefore in general on a curved space there is no way of 
choosing a reference frame in each 4-cell which is parallel 
transported to itself across all 3-cells. In other words, 
the parallel transport from Se to e may be different from 
the parallel transport from ig to e. Therefore the gen- 
eralization of the fermion action to a curved spacetime. 



* On the notion of particle in the absence of Poincare invariance, 
see [Hi. 

^ If we fix a basis in C^, the scalar product is given by {ip\<t>) = 
ip'^4>^&ab and the tensor &ah is invariant under 5(7(2) but not 
under 5L(2, C). 
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discretized a la Regge, can be obtained replacing ([29)1 
with 

S = i^YelpsjlsJet^i^t,- (29) 

e 

where gev is the holonomy of the spin connection from a 
coordinate patch covering the (flat) 4-cell v to one cover- 
ing the (flat) 3-cell e. Equivalently, replacing the vertex 
aplitude ^ by 

Sy^i^ Ve glsjet^lpe- (30) 

e'e 

The fermion partition function on the 2-coniplex repre- 
senting a curved spacetime, is therefore as before, with 
the only difference that the amplitude (|22p of each cycle 
is replaced by 

= (-1)''^' rr[g]^„^gei«2-3L„„ffe„«i]. (31) 

where (i;i, ei, V2, 62, w„, e„) is the sequence of vertices 
and oriented edges crossed by the cycle c. This can be 
written in a form more easy to read by defining 

5* = {9-')^ = -ey^e. (32) 

Notice that for a rotation g* = g while for a boost g* = 
g'^. Using this, 

Ac = (-1)''^' Tr[g*^^^ge,v2---gv„e„9e„vi], (33) 

where the sequence of vertices and edges is in the cyclic 
order. The full partition function ([^0]) becomes 

^ = En(-l)''' X^(n«e5e*J^"), (34) 
{c} c egc 

where x"^ {9) is the character in the fundamental repre- 
sentation of SL{2, (D), and eec = ±1 according to whether 
the orientations of the edge and the cycle match. 

The action (^9)1 and the amplitude ([55]) are of par- 
ticular value for coupling the fermion field to quantum 
gravity because they depend on the geometry only via 
the two quantities Ve and gy^, which are precisely the 
quantities that appear in the gravitational spinfoam am- 
plitude. This we do in the next section. 

V. COUPLING TO QUANTUM GRAVITY 

The spinfoam partition function of pure gravity on a 
2-complex can be written in the holonomy representation 
[H, ill in the form ^ 

Z = / dgye / dhef y2T\^if 

JSL{2.C) JSU{2) ,,- f 

X''f''iYli9e.M9etlY") n xHKf)- 
eGdf eedf 



Now, the second key observation of this paper is that the 
SL(2, (D) matrices ge^ in this expressions can be iden- 
tified with the 5L(2,(D) matrices gey in ^ and 
Indeed, first, they have the same geometrical interpreta- 
tion as parallel transport operators from the edge to the 
vertex; and second, more importantly, the asymptotic 
analysis of the vertex amplitude in |28| shows that the 
saddle point approximation of the integral is on the value 
of gev that rotates the (arbitrary) Lorentz frame of the 
4-cell into a Lorentz frame at the 3-cell where the time 
direction is aligned with the normal of the 3-cell, which 
is precisely the geometry described in the previous sec- 
tion. Therefore in the limit in which we move away from 
the Planck scale, these group elements take precisely the 
value needed to yield the fermion action. 

The obvious ansatz for the dynamics in the presence 
of fermions, is therefore to replace (I55t by 

Z V'V' / dgye / dhef 

{c} jf •^SL(,2,C) JSU(2) 

n^^/ X'''''^{\{{9eshef9:t\r) n ^''^^'^f) 
f eedf eedf 

n(-l)''' X^{l[(9esJetJ-)- (36) 

where {c} labels families of worldlines running along the 
edges of the foam. The sum is over all families that do 
not overlap more than once. Notice that the definition of 
the * in this expression depends on the choice of a specific 
SU{2) subgroup at each edge, but this dependence drops 
from the total expression, because of the SL{2, C) inte- 
grations, precisely as discussed in [29!]. Therefore Lorentz 
invariance is implemented in the bulk. 

This expression defines a quantum theory of gravity 
interacting with fermions. 

In the next section we express this amplitude in a more 
conventional local form, in the spin network basis, and we 
write explicitly the fermion vertex amplitude. For this, 
we need to discuss the fermion states. 



VI. FERMION STATES 

Since we are dealing with a quantum field theory, we 
need the (fermionic) Fock space. By Pauli principle (or 
assuming canonical anticommutation relations), this in- 
cludes only antisymmetric states. Since there are at most 
two orthogonal states va. , there are at most two par- 
ticles with all other quantum numbers equal. A two- 
particle state is necessarily the singlet, namely the spin- 
zero component of i/a (g) H^. Thus, the Fock space has 
the structure 

F^€®Hi ®A{Hi (g)H^) = (C®Hi ®€. (37) 

A basis in this state is given by |c), where c = 0, — , 2 
indicates the no-fermion state, the one-fermion states 
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with spin up and spin down, and the two-fermion sin- 
glet. 

States in F can be conveniently represented as holo- 
morphic Berezin functions f{ip) of an anticommuting 
Grassmann variable in H"! . Taylor expanding the state 
gives 

/(tA) = C0 + Ca^b"" + C2 eab^^''' (38) 

where the last term does not vanish because of the anti- 
commutation properties of V'" and the Taylor series stops 
at the second term, for the same reason. The norm of 
the state is 

\f\':=\cf,\'+CaCa + \c2\'. (39) 

Then the quadruple (c0,Co,C2) g C"* ~ F. The Berzin 
integral used in the previous section is simply a way to 
write this Fock space and its scalar product. 

Now combine this fermionic Fock space with the kine- 
matics of quantum gravity. Fermions must reside on the 
nodes n of a graph, like in lattice gauge theory. Thus 
we assign a copy of the Fock space F to each node of 
the graph. Therefore the states of the gravity-|-fermion 
theory live on the space ((g)/L2[S'J7(2)]) (g) {<^nF), divided 
by the gauge action of SU (2) at each node. We can write 
states as ^{hi,tpn), where / labels the links of the graph 
and n the nodes. 

The spin networks that form a basis of this state are a 
simple generalization of the pure gravity spin networks. 
As before, it is convenient to choose an intertwiner basis 
at each node n that diagonalizes the volume of the node 
n, and label it with the volume eigenvalue v„. That is 
|j/,v„). In the presence of fermions, spin networks carry 
an extra quantum number c„ at each node, which la- 
bels the basis |c) in the Fock space at the node. That 
is: \ji, v„, c„). At each w-valent node n bounded by links 
with spins ji, ju, the intertwiner v„ is an invariant ten- 
sor in the tensor product of the v representations ji , j„ 
if c„ = or c„ = 2. But it is an invariant tensor in the 
tensor product of the w -I- 1 representations ji, jy, ^ if 
c„ = ±. In this case, the intertwiner couples the spinor 
to the gravitational magnetic indices. 

It is convenient to use a Fock notation, as follows. 
Write |ji,v„) to denote the state where all the nodes are 
in the Fock vacuum state, namely the state |j;,v„,c„ = 
0). A state with all nodes in the vacuum except for 
a single node n with a one-particle state with spin a 
is indicated as v„, (n, a)). A state with N particles 
in the nodes ni,...,n]sf with spins ±„ is indicated by 
bi) (rii, ±)) with i = 1,...,A^. Indicate two-particle 
singlets as \ ji, v„, (n, -I-), (n, — )), namely as two fermions 
with opposite spins on the same node. This is the bound- 
ary kinematical state space of the theory. 

Now, the spinfoam partition function for pure quantum 
gravity on a 2-complex in the spin network basis can be 
written in the form 

^ = En^* IlMh^e) (40) 



where we have chosen a basis in each intertwiner space 
that diagonalizes the volume, and called the quantum 
numbers as well as the eingevalues of this basis. ^ The 
vertex amplitude can be written in the form 

Av{jf,Ve)^ J dg'^^ Ay{ji,,Ve,gev), (41) 

where (denoting by / and n the links and nodes deter- 
mined by the intersection of a small 3-sphere surrounding 
V with the faces / and the edges e of the 2-complex C) 

A,{ji,vn, gn) - / dki vl/,„„„(fc0 n X^'"" {ki 9s,gr^- (42) 

I 

Let us now write the gravity+fermion partition function 
in the local form 




where the vertex amplitude is 

A.(ji,v„,V„) = yd5;A,(ji,v„,5„) e*^"(»-^-'^") (44) 

and the fermion action Sy is defined in (j30[) . If we expand 
the vertex amplitude in powers of ipe, we obtain 

Ay{ji,Vn,ll^n) = Ay{ji,Vn) + Ay{ji,Vn,{n,a))'ip^ (45) 

+Ay{ji,Vn, {n,a), (m,6))V'^V'm + •■• 

The first term of this expansion gives the case with no 
fermions on the boundary of the vertex, and reduces pre- 
cisely the pure gravity amplitude Ay(ji,Vn)- If there is 
a single fermion, Ay{ji,Vm {n, A)) = 0, which expresses 
fermion number conservation. The same for any odd 
number of fermions on the boundary. If there is a V' 
and a ip on two separate nodes, we obtain 

^i.(ji,'v„, (n,a), (m, 6)) = (46) 

V„ / dg'^ Ay{ji,Vn,gn) {gn9ln)ab- 

JSL{2,C) 

For two and two on the boundary, 
^vUh^nA^iiai)) = / v„,g„) v„2V„4 (47) 

((5ni3ri2)''i<^2 (5n33ri4)a3a4 ^ (ff"! 5ri4 )ai 04 (ff«25n3 )a3a2 ) 

and so on.^ This defines the vertex amplitude. 



Additional quantum numbers are needed in the case of degener- 
acy. 

But if we integrate away the vertex fermions quantum me- 
chanically instead than solving them away classically as we have 
done above, the Pauli principle would limit the number of lines 
crossing the vertex to two, and there are no other terms. 
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The Berezin integration has the only effect of connect- 
ing the free indices of the cell-propagators in ([Tf]) and to 
cancel the volume factors. This gives the fermion con- 
tribution to the spinfoam amplitude as a sum over se- 
quences of contractions of {gevgl'v)ab terms 



9..), (48) 



which is equivalent to p6p . 

Notice that the dependence of the Lorentz frame of 
the boundary drops in gluing the individual group ele- 
ments. A local Lorentz transformation is a transforma- 
tion in each vertex v, which affects the holonomies as 



(49) 



which leaves the amplitude invariant. 

The net effect of the fermions is simply to add fermion 
world-lines over the foam. The weight of each world-line 
is a contraction of spin-connection group elements along 
the world-line, taken in the fundamental representation. 
The worldlines than run over the foam carry a j = ^ rep- 
resentation, and couple to the intertwiners at the edges. 
They overlap at most twice and where they overlap, they 
run in the j = representation. 



VII. YANG-MILLS FIELDS 

Suppose now that the fermion lives in fundamental rep- 
resentation of a compact group G. Then the above theory 
is invariant under global G trasformations. To make it 
invariant under local gauge transformations we can intro- 
duce a group element Uye & G associated to each wedge 
{v,e), and replace ([9]) by 



(50) 



The quantum kinematics on the boundary is then evi- 
dent: spinfoams carry representations of SL(2, (D) and 
intertwiners at the nodes have a possible extra leg repre- 
senting fermions in (antisymmetric products of) the fun- 
damental representation of SL{2, (D) x G. 

What is the dynamics? One possibility of obtaining it 
is simply to keep only the gravity and fermion terms in 
the action. The Yang-Mills action is then generated by 
the one-loop radiative corrections to the fermion action 
in the Yang-Mills field, as sugg estd by Zel'dovich [IQ. 

That is, we can take the dynamics to be defined by 

Z^Y.[ '^^'^ [ '^U- n^J/ YlMjf,^e, ^e, Ue) (51) 

where the gravity -I- Yang- Mills-|- fermion vertex amplitude 
is 

A.(i,,v„,V„, [/„)=/ dg'Mhi.^^,9^) e^^(»"'^-'^-^^)(52) 



In the holonomy representation, this gives 

! , , JSL(2,<D) JSU(2) Jg 



/ eedf eedf 



This expression defines a minimally-coupled spinfoam 
formulation of the Einstein- Weyl- Yang-Mills system. It 
can be used to compute all quantum gravity amplitudes 
order by order. The full theory is formally recovered in 
the limit of large 2-complexes [1, H^l • 



VIII. CONCLUDING REMARKS 

We have defined a tentative quantum theory of grav- 
ity, fermions and Yang Mills fields. The strategy we have 
followed in order to couple fermions to quantum gravity 
is the following. A spinfoam amplitude can be seen as a 
definition of the gravitational path integral which keeps 
into account the quantization of geometry: intermediate 
states along the evolution are properly a basis in the LQG 
Hilbert space. To couple fermions, we have found a dis- 
cretization of the fermion action which remains valid on a 
curved spacetime and which is expressed in terms of the 
same variables that appear in the spinfoam amplitudes. 
This discretization couples naturally with the spinfoam 
amplitudes. As is always the case in quantum gravity, 
the appropriate way to view this calculation is not as a 
"derivation" or a "quantization" , but rather as a heuris- 
tic hint, yielding an ansatz for a definition of the coupled 
gravity-fermion theory. The theory appears to have the 
correct degrees of freedom and the proper symmetries. 

The physics it yields will be analyzed elsewhere. In the 
Appendix, we sketch an heuristic relation between the 
amplitude we have found and a single fermionic particle 
path integral. We leave several issues open. Among these 
the possible existence of spacelike edges and timelike 3- 
cells [1^, [13], and the possible presence of the volume 
factors in the amplitude. 

A minimal coupling of fermions to quantum gravity ap- 
pears to be surprisingly simple. This naturalness of the 
fermion dynamics in gravity has been already observed 
[J 01 and reappears here. A fermion, is essentially an 
extra "face" of spin i, which is non-local over the 2- 
complex. At fixed time, it can be seen as a "non-local" 
loop that disappears outside spacetime, to reappear far 
away, like a Wheeler- Smolin "Kerr-Newman fermion" : 
the picture of fermions as wormholes has been advocated 
by John Wheeler long ago [3l|, H^, considered by Lee 
Smolin [SS^ in the context of loop gravity, and remains 
intriguing. On the idea of "Kerr-Newman" particles, 
namely the connection between a fermion and a minimal 
Kerr-Newman [34, [SSl black hole, see [39 and references 



7 



therein. Recall that both fermions and rotating black 
holes have a gyromagnetic factor g — 2, a surprising and 
intriging coincidence which has been indicated as a hint 
to a deeper connection (37j . 



Thanks to Thomas Krajewski and Alejandro Perez for 
numerous useful inputs and exchanges. 

Appendix: Mass 

Consider the one-particle sector of the theory defined 
by the sum over all path that connect an initial one- 
fermion state to a final one-fermion state on a fixed back- 
ground geometry, namely at fixed values of jf , Ve and gev ■ 
This is given by the sum of the path on the foam going 
from the initial to the final point, each weighted by the 
holonomy along the path. This yields the fermion prop- 
agator on the given geometry. To provide an intuition 
about this term, lets sketch the modification of the the- 
ory needed to include a mass, even if this does not appear 
to work well with the spinfoam variables. 

A Majorana mass term can be added by replacing 
with 

Sy ^ i^^Vei>e'0-e{l + imXee')il^e (54) 
ee' 



where m is the mass and Aee' is a geometrical length 
dependent on the geometry at vertex v and on the two 
edges e, e'. The simplest possibility is to choose 

Aee' = (55) 

which is a measure of the distance between e and e'. The 
difhculty of this term is that the 4- volume is not an easy 
quantity to write in terms of spinfoam variables. But 
for now let us disregard this and get an intuition about 
the effect of this term on a given geometry. The term 
gives an additional contribution Jli)(l + *"^-^ee') to each 
fermion line. If mAee' is small, we can write 

V 

where L is the proper length of the fermion line. This 
gives the fermion propagator as a sum of paths weighted 
by the exponential of its mass times the proper length of 
its world-line. 
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